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PIERRE DERBEZ 

ABSTRACT. In this paper we define, for each aspherical orientable 3-manifold M en- 
dowed with a torus splitting T, a 2-dimensional fundamental Zi-class [M] 7 " whose Zi- 
norm has similar properties as the Gromov simplicial volume of M (additivity under torus 
splittings and isometry under finite covering maps). Next, we use the Gromov simpli- 
cial volume of M and the Zi-norm of [M] 7 " to give a complete characterization of those 
nonzero degree maps /: M — * N which are homotopic to a deg(/)-covering map. As 
an application we characterize those degree one maps / : M —* N which are homotopic 
to a homeomorphism in terms of bounded cohomology classes. 



1. Introduction 

In order to characterize those nonzero degree maps / : M — > N between closed ori- 
entable aspherical 3-manifolds which are homotopic to a finite covering we first need the 
simplicial volume of Gromov. Recall that this invariant is obtained as follows: consider 
the Zi-norm on the real singular chains which induces, taking the infimum for all cycles 
representing a homology class, a l\ semi-norm on the homology groups of a manifold. 
Then the simplicial volume of M is the l\ semi-norm of the fundamental class [M] corre- 
sponding to the orientation of M. This invariant is necessary since for any finite covering 
maps p; M — > M then (*) 

||M|| = |deg(p)|||M|| 

Equivalently, this equality means thatp induces an isometry p» : H$(M ; R) — > H${M\ R) 
with respect to the Z\ semi-norm. For hyperbolic 3-manifolds equality (*) is sufficient to 
characterize covering maps. More precisely, it follows from the Perelman geometrization 
of 3-manifolds and from Gromov and Thurston's works that if M is a closed orientable 
hyperbolic 3-manifold then any nonzero degree map / : M — > N into a closed orientable 
irreducible 3-manifold is homotopic to a covering map if and only if /j : Hs{M\ R) — > 
Hs{N] R) is an isometry. However this condition is not sufficient to characterize covering 
maps between non-hyperbolic 3-manifolds. Roughly speaking this comes from the fact that 
the Gromov simplicial volume does not detect the "non-hyperbolic part" of an aspherical 
3-manifold. Thus one of the purposes of this paper is to construct for each aspherical 
oriented closed 3-manifold (M,Tm), where Tm denotes the JSJ-family of canonical tori 
of M, a kind of secondary fundamental class of M denoted by [M] Tju which detects the 
non-hyperboic part of M. This class lies in the second Zj -homology group of M denoted by 
H l 2 (M; R) and endowed with the l\ semi-norm ||.||i. The Zi-normof [M] Tm together with 
the Gromov simplicial volume allow to characterize finite covering maps. More precisely, 
the main result of this paper states as follows: 
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Theorem 1.1. Let f : M — > N denote a nonzero degree map from an aspherical 
closed oriented 3-manifold into an irreducible closed oriented 3-manifold. If M is not 
a SL(2, H.)-manifold then f is nomotopic to a dcg(f)-covering map iff || i = 

1 1 [M] || i and \ \ ft ( [M] Tm ) 1 1 1 = 1 1 [M] Tm \ | i where T M denotes the JSJ-splitting of M. 

As a consequence of Theorem 1 1.1 1 we deduce, using the duality between l\ -homology 
and bounded cohomology, a complete description of those degree one maps which are 
homotopic to a homeomorphism which answers to a question of M. Boileau. Denote by 
H^(M; R) the second bounded cohomology group of M endowed with the semi-norm 
1 1 . 1 1 oo and by H% (M; R) , resp. H l J (M; R) the quotient space H$ (M; R) / ker || . || resp. 
^ 1 (M;R)/ker||.|| 1 . 

Corollary 1.2. A degree one map f:M — > N between closed Haken manifolds 
is homotopic to a homeomorphism iff \\M\\ = \\N\\ and f induces an isomet- 
ric isomorphism /" : [H^{N; R), ||.||oo) (M; R), ||.[|oo)» resp. an isometry 
ft '■ {H l 2 {M\ R), || -||i) — > {H l 2 (N; R), ||.||i). 

Recall that when M admits a geometry H 3 then M. Gromov and W.P. Thurston gave a 
characterization of local isometry using the Gromov simplicial volume. When M admits 
a geometry SL(2, R) then Y. Rong solved this problem using the Seifert volume in URoll 
Corollary 5.1] and when M admits a geometry R 3 , Nil or Sol then S. Wang showed in 
llWl that any nonzero degree map / : M — > N is homotopic to a covering map. On the 
other hand, when M is a surface bundle over S 1 (which covers the case where M admits a 
H 2 x R-geometry) then M. Boileau and S. Wang gave a characterization of finite covering 
maps in terms of isometries with respect to the Thurston's norm (see BBW1 ). 



2. Filling isometries and the secondary fundamental class 

In this section we define the objects and we state the intermediate results which will be 
used in the proof of Theorem l 1.1 l and Corollarv ll.2l 

First of all recall recall that the Zi-homology groups of a topological space X are ob- 
tained as follows. Denote by C' 1 (X) the Zi-completion of the real singular chains C* (X). 
This means that 

{oo oo ^ 

c = ^a t a t s.t. ||c||i = ^2 N < 00 \ 
i=l i=l ) 

where o, 6 R and at : A» — > X is a singular simplex. We will denote by S*(X) the set 
of singular simplices. The topological dual of C^ 1 (X) is given by the set 

C£(X) = \ w G C*(X) s.t. Hloo = sup \{w,a)\ < oo 1 

{ aeS,(X) J 

Note that the d and S operators are bounded so that ((7^(X),9) and (C£(X),§) are 
chain, resp. cochain, complexes. We denote by H£{X), resp. by Hi{X), the homol- 
ogy, resp. cohomology, of this chain, resp. cochain, complex. The vector spaces iJ' 1 (X) 
and H£ (X) are endowed with the quotient semi-norm that we denote still by 1 1 . 1 1 1 and || . || oo 
respectively. Since a bounded operator has not necessarily a closed image then the above 
semi-norms are not norms in general. Thus it will be convenient to consider the reduced 
Zi-homology and bounded cohomology groups defined by H 1 ^ (X) — ker<9/Im(<9) = 
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Hi 1 (X)/kei\\.\\i andH^(X) = ker<tylm(5) = H*(X)/ker\\.\\ 00 . The evaluation map 
gives Kronecker product 

(.,.): H* b (X)®Hli(X)^R 
which descends to a Kronecker product on reduced groups by the Holder inequality 

(.,.): HZ(X)®H£(X)^R 

2.1. A filling isometry. We begin with the construction of a filling homomorphism. 

Lemma 2.1. Let (X, Y, A) be a triple of spaces where Y C X (may be X = Y) and each 
component of A C Y has an amenable fundamental group. 

( i) For any relative 2-cycle z in (Y, A) there exists u G C 2 (A) such that z + u G 

(ii) Filling homomorphism. The map z i— > z + u induces a filling homomorphism 

6y: *T 2 (y,A)-i#(y)-i#(X) 

defined by 9y([z]) = [z + u]. 

( Hi) Filling contraction. The filling homomorphism Q Y '■ H 2 (Y, A) — ► H^ 1 (X) satisfies 
||Oy|| < 1 when H2(Y, A) is endowed with the l\ semi-norm. 

(iv) Naturality. Let f : (X, Y, A) — > (Z, W, B) be a continuous map of triple of spaces, 
where each component of A and B has amenable fundamental group. Then the following 
diagram is consistant. 

H 2 (Y,A;Il)-^H l J(X;R.) 



ft 



ft 



H 2 (W,B;R) H l J(Z;-R) 

In particular this result implies that 9y induces a contraction homomorphism between 
reduced homology groups 

Qy. H 2 {Y,A) = ^^^m(X) 

Let M denote a closed aspherical orientable 3-manifold and let T denote a family of 
incompressible tori in M. We say that T is a torus splitting of M if each component of 
M \ T is either a Seifert manifold or has a hyperbolic interior. From now on we assume 
that M is endowed with a torus splitting T. Let (P, dP) be a component of M \ T. Let 
a G H 2 (P, dP; R). Since each component of dP has an amenable fundamental group 
then we can consider the filling homomorphism 

§p : ff 2 (P, dP; R) -» P\ l 2 (M; R) 
and the subspace of H l 2 (M; R) 

B 2 X (M r ; R) = Vcct ^Im(6 P )|P is a Scifcrt component of M \ T 

Suppose that P admits a Seifert fibration whose fiber is denoted by h. By a horizontal 
surface we mean a properly embedded incompressible surface F in P which is transverse 
to h. Note that if F is a horizontal surface in P then the Seifert bundle r\ induces an 
orbifold covering f]\F: F — > Op whose degree is denoted by dp ^ 0, where Op denotes 
the base 2-orbifold. A horizontal surface will be termed minimal if \dp\ is minimal over 
all horizontal surfaces in P. 
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Lemma 2.2. Let (P, h) be an aspherical oriented Seifert manifold with S 1 -fiber h endowed 
with a fixed orientation o(h). If P is either Euclidean, Nil or a SL(2, R)-manifold then 
H 2 (P, BP; R) = {0}. If the interior ofP admits a H 2 x R structure then H 2 (P, BP; R) ~ 
R. Moreover, in the latter case, if F and F' are minimal surfaces in P then [F] = [F'] 
in H 2 (P, dP\ R) ( where [F], resp. [F f ], corresponds to the orientation class of F, resp. 
F', so that o(P) x o(h), resp. o(F') x o(h), matches the given orientation of P) and 
H 2 (P,dP;TL) = ([F}). 

Notation. For an oriented H 2 x R-manifold P we will denote by ap the class of any 
minimal surface in H 2 (P, dP; R) with the convention for orientations of Lemma [2721 For 
Euclidean, Nil or a SL(2, R)-manifold then we set a P = 0. We denote by H 2 (P, dP; R) 
the set defined by 

{aeH 2 (P,dP;TL)\a = ia P , £ > 0} 

When M denotes an oriented aspherical 3-manifold endowed with a torus splitting T each 
Seifert component P of M \ T is oriented by M and we fix an orientation o(h) for the 
fiber h of each P. In this case we say that M is framed. We denote by H 2 ' + (M T ; R) the 
set defined by 

{a e H l 2 (M T ; R)| a = £ 6 > 0} 

where the P's run over the Seifert components of M \ T. Notice that since the only 
aspherical Seifert fibered spaces admitting at least two non-isotopic fibrations are the Eu- 
clidean manifolds then the above notions are well-defined by Lemma l2~2l Some geometric 
properties of the map Op are reflected in the following 

Theorem 2.3. Let (M, T) be a closed aspherical orientable 3-manifold endowed with a 
torus splitting and denote by Pi, P; the Seifert components of M \ T. Then 

(i) Isometry: the filling homomorphism p { : H 2 (Pi,dPi]R) — > H 2 {M;TX) is an 
isometry with respect to the li-norms. Moreover for any a £ H 2 (Pi, dPf, R) then 

Hi = ll©A(a)lli = 16,111*111 

where £ a is the real number such that a = £, a .ap i and Fi is a minimal surface in Pi. In 
particular, if a is represented by an incompressible connected surface T then 

HU = l|Qp*(«)lk = ll^ll 

(ii) Additivity: for any l-uple (ai,...,a{) G H£(Pi, dPi; R) x ... x P^(P,5p;R) 
we have 

\\e Pl (ai) + ... + Bp^aOWi = liep^aOIK + ... + ||e Pi (aO||i 

We end this section with a result which describes the metric behavior of finite covering 
maps. To this purpose note that throughout this paper we adopt the following convention 
for the orientations. Let (M, T) be a closed aspherical framed 3-manifold endowed with 
a torus splitting and denote by p: (M, T) — » (M, T) a finite covering endowed with a 
torus splitting defined by T = p^ 1 (T). Let (S, h) denote a Seifert piece of M \ T, where 
h denotes the fiber of S and let (Si, hi), (Sj, hi) the components of where hi 

denotes the fiber of so that p|S, : Sj — > S is a fiber preserving map (such a Seifert 
fibration always exists on S, by llJSl ). Then we orient the fibers hi so that p\hi : hi — > h 
is orientation preserving. In this case we say that M is endowed with the framing induced 
by that of M. 
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Proposition 2.4. Let (M, T) be a closed aspherical framed 3-manifold endowed with a 
torus splitting. Any finite covering p: M — » M induces isometries pjj: ^M; Rj — » 
ff 3 (M; R) one/ 

(F;R) : (M f ;R) tf' 1 (M; R) 

where T is the torus splitting of M equal to p _1 (T) and where M is endowed with the 
framing induced by that of M. 

Note that the above covering property gives rise to the following 

Question 1. Let M be a closed orientable aspherical 3-manifold and let p: M — > M 
denote a Haken finite covering of M. 

(i) Does the covering induce an isometry p^H^ 1 ^ (^M^;Rj : H 2 1,+ (^M^;Rj — » 
H 1 ? 1 (M ; R) for any torus splitting f of Ml 

(ii) More generally does the covering induce an isometry p» : H^ 1 

Hi 1 (M; R)7 

2.2. The secondary fundamental class of a manifold. We can now define the secondary 
fundamental class of a closed orientable aspherical 3-manifold M. Consider a torus split- 
ting T of M and denote by Pi, the components of M \ T supporting a Seifert 
fibration. Then we set 

||M|| r = ||ep> Pl ) + ... + ©p>pJIIi 

The class e Pl (a Pl ) + ... + <dp k {a Pk ) E H l 2 u+ (M T ;R) will be denoted by [M] r and 
will be termed the secondary fundamental class of (M, T). 

Question 2. Is it possible to compare [M ] Tl and [M] 7 ' 2 in H^ 1 (M; R) when T\ and 72 are 
two distinct torus splittings of Ml 

2.3. Organization of the paper. In section 3 we prove Lemmas [2. ll and l2T2l and we recall 
some results related to the duality between bounded cohomology and ^-homology. Section 
4 will be devoted the construction of bounded 2-cocyles which roughly speaking measure 
the area of the horizontal surfaces passing through the Seifert pieces of a manifold. This 
kind of cocyles will be used the estimate the ^i-norm certain Zi-homology classes (see 
Proposition l4.ll ). In section 5 we prove Theorem 12. 3 1 and Proposition ^. 41 and section 6 is 
devoted to the proof of Theorem ll.il and Corollary 1 1.21 

3. Filling homomorphisms and Duality between bounded cohomology 

AND Zi-HOMOLOGY 

Proof of Lemma \2~J] Let a S H2(Y, A) and choose a relative 2-cycle z in (Y. A) which 
represents a. Then dz 6 Z\(A) and since H^ 1 (A) = then there exists u 6 C^ 1 (A) such 
that du = —dz in such a way that z + u 6 (Y). This proves point (i). 

On the other hand the class of z + u does not depend on the choice of u. Indeed let 
u\, U2 be elements of C^ 1 (A) such that du\ = du-2 = —dz. Then (z + m) — (z + U2) — 
u\ — U2 € Z 2 X (A). Then there exists w € C3 1 (A) such that dw = (z + u\) — (z + U2). 

Moreover the class of z + u does not depend on the choice of the representant z. Indeed, 
let z and z' be two relative 2-cycles which represent a. Then there exists p £ 02(A) and 
v G C%(Y) such that z — z' = dv + p. Let u and u' in C l 2 x (A) such that du = —dz and 
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du' = -dz'. Then (z + u) - (z 1 + v!) =dv + (p + u- u'). Thus p + u-u' e Z l 2 l {A). 
Then there exists w € C3 1 (A) such that dw = p + u — u 1 ' . Thus the map zh>z + ii gives 
rise to a homomorphism 

9y: H 2 (Y,A)^H l J(Y)^H l J(X) 

defined by 9y([z]) = [z + u]. This proves point (ii). 

Let a G H 2 (Y, A) and fix e > 0. Then by ||G] Equivalence Theorem] there exists a 
representative z of a such that ||z||i < ||a||i+eand ||9z||i < e. By the Uniform Boundary 
Condition (see [MM, Theorem 2.3]) there exists a constant K > which only depends on 
the dimension and u £ C 2 1 (A) such that du — —dz and ||u||i < < Ke. This 

implies, passing to the limits, that ||9y(a)||i < ||a||i. This proves point (iii). 

Let a be an element of H%(Y, A] R). Then /jj(Oya) = [/j(z) + where z is 

a relative 2-cycle representing a and u is a 1% 2-chain in A such that du = —dz. Since 
= —df$z and since /ju is a ?i 2-chain in £? then [f$(z) + /o(u)] = 8vf (/jj(a)). This 
proves of point (iv). 

□ 

Proof of Lemma \2\2\ Let (P, h) be a Seifert oriented 3-manifold with a fixed fibration 
h. Let p: P — > P denote a finite covering of P. Then p induces an epimorphism 
H2(P,dP) — > H2(P,dP) and thus passing to the quotient we get an epimorphism 
H 2 {P,dP) -> H 2 (P,dP). _ 

If P admit a geometry Nil, R 3 or SL(2, R) then it admits a finite covering P which 
is either a torus bundle (over S 1 or /) or a circle bundle over a hyperbolic surface with 
non-zero Euler number. In any case H 2 (P, dP) = {0}. Indeed in these cases P contains 
no incompressible surfaces with negative Euler characteristic. This proves that H 2 (P, dP) 
is trivial. 

Hence from now on we assume that hit (P) admits a H 2 x R-geometry. Let p: P — > P 
denotes a finite regular covering of P homeomorphic to a product F x S 1 . Note that since 
P has an orientable base then by MWZI Lemma 6] H 2 (P, dP) is generated by any minimal 
surface together with vertical surfaces (which are either tori or vertical annuli) and thus 
H 2 (P, dP) is generated by any minimal surface. This proves that H 2 (P, dP) = R and 
thus H 2 (P,dP) = R. 

Let us check the second statement of the lemma. Let Fq and Pi denote two minimal 
surfaces in P and denote by P , resp. P x the spaces p^ 1 (F ), resp. p~ 1 (Fi). Since P and 
Fx are minimal then in particular x(Po) = x(-^i) an ^ tnus x(P)) = x{Fi) which implies, 
since P is a product that [P , dF n ] — [P 1; dFi] in H 2 (P, dP). Since for each i = 0, 1 
we have p t ([F u dFi\) = deg(p)[F l: dF,} then [F ,dF ] = [F u dFi] which proves the 
lemma. 

□ 

Throughout this paper we will need the following general results which come from the 
duality between ^-chains and bounded cochains. 

Lemma 3.1. The Kronecker product between li-homology and bounded cohomology gives 
rise to a surjective bounded operator 
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where {H]^{X))' denotes the space of continuous linear forms on H^(X), such that 
||$|| = 1 and for any ip £ (Hl x (X))' there exists (3 <E H£(X) such that = (f 

and \\PWoo = \\<p\\oo. 

Proof. This follows directly from the Holder inequality combined with the Hahn-Banach 
Theorem. □ 

Let T be a group acting by homeomorphisms on a topological space X. We denote by 

TH^(X) = {a e Ht(X) s.t. 9i {a) = a when g 6 T}. 

Lemma 3.2. Let p: X — ► X be a regular covering map with finite Galois group T. Then 
the induced homomorphism p$ : TiJ' 1 (X) — * H^ 1 (X) is an isometry. 

Proof. Consider the averaging retraction A : C£ (X) — > CI (X) defined by 

E 9 er(5*7^) 



Card(r) 



where a: A* — > X denotes a lifting of c: A* — * X. This definition does not depend 
one the choice of the lifting a since the covering is regular. By construction A satisfies the 
identity A op* = Id and commutes with the differentials so that it induces a homomorphism 
A: H£(X) — > H£(X). Then at the i/^-level we still have the identity A op* = id and 
\\A\\ < 1. Notice that A induces a homomorphism (X) — > i/ h * (X) still denoted by A 
Let a = [z] G ri/' 1 (X), where - : (X) — > (X) denotes the natural quotient 
homomorphism and z is a ^ -cycle. If a = [z] ^ then by Lemma [37T1 there exists 
/3 = [7] G H£(X) such that (/3, a) = 1 and ||/?||oo = idfe- Since a is T-invariant then by 
the definition of the averaging we have the equalities 

= (A(j), Pi (z)) = ^-L-^g( 5 *( 7 ),z) = ( 7>J! ) = (/3, a ) = 1 

and thus 

Since the inequality < 1 is always true this proves the lemma. □ 

4. Bounded 2-cocyles measuring the horizontal areas 

Let M be an orientable closed aspherical 3-manifold endowed with a torus splitting T. 
A Seifert piece P of (M, T) will be termed a product component if it is homeomorphic 
to a product F x S 1 , where F is a surface whose interior admits a hyperbolic structure. 
The purpose of this section is to construct for each "product component" P of M \ T, a 
bounded 2-cocyle in M which measures the hyperbolic area of horizontal surfaces of P. 
More precisely the main result of this section states as follows: 

Proposition 4.1. For each product component P — F x S 1 of M \ T there exists a 
non-trivial bounded 2-cocyle VLp in M satisfying the following properties: 

(i) i*(Clp) is a relative 2-cocycle in (P,dP) where i: P <^-> M denotes the natural 
inclusion, 

(ii) for any connected horizontal surface T in P then 
[n P },e P ([T])) = |(i*(0 P ),^)| = Area(^) 
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where is a relative 2-cycle representing the fundamental class of J- and Area(J-") de- 
notes the area ofmt(J-) endowed with a complete hyperbolic metric. 

Let (Pi)i£i be a family of pairwise distinct product components of M \ T and for each 

1 E I denote by k{\ Pi — > M the canonical inclusion. Then 

(Hi) k*(Qp d ) —Oifi^j and 

Em 

iei 

where [f2pj denotes the class offlp i in H^(M; TV) for each i £ I. 

To prove this proposition, we first need to construct a chain map: the reduction, used 
in |FS| (see section 4.1). Next we straight horizontally the reduced chains which meet 
essentially P to define a bounded 2-cochain il p (see section l4~2b . The proof of Proposition 
14. ll will occupy section l-Ol From now on, we denote by A" the standard n-simplex defined 
by 

{n n ^ 

E^E** = 1 ' ti -°\ 

where = (0, 1, ...0) E R" +1 . We denote by V(A n ) = {v , ...,v n } the vertices of 
A™ and by Ap 1 the i-th (n- l)-face of A" defined by A^ l_1 = [v , ...,v n ]. Note 
that A" is oriented by the order of its vertices in such a way that (vi — Vq, v n — Vo) is 
a positive frame. 

4. 1 . Reduction operator in singular homology. Let M be a closed aspherical orientable 
3-manifold endowed with an amenable splitting T. Denote by Pi, ...,Pi the components 
of M \ T. As in [FS |, we consider a chain map p: C n (M) —> C n (M) defined as follows: 
If n = then we set p = 1. 

If n = 1 let r: [woj^i] —> M be a 1-simplex. Since T is incompressible, the map 
r is homotopic rel. {vo, v±} to a reduced 1-simplex i.e. a map n : [vq, vi] —> M such 
that either ti([vq, vi]) C T or TiK^o, vi) is transverse to T and for each component J 
of r 1 _1 (Pi) then t\\ J is not homotopic rel. dJ into dPi. Then we set p(r) = t\ and we 
extend p by linearity. 

If n = 2 let a: A 2 = [wo, «i, 1*2] — > M be a 2-simplex. Then a is homotopic 
rel. y(A 2 ) = {vq,v\,V2\ to a reduced 2-simplex o~\ such that either cri(A 2 ) C T or 
cri|int(A 2 ) is transverse to T, the 1-simplex o\\e is reduced for each edge e of A 2 and 
cr|j~ 1 (T) contains no loop components. Thus if J is a component of a^[ l (T) such that 
J n int(A 2 ) ^ then J is a proper arc in A 2 connecting two distinct edges. Then we set 
p(a) = o\ and we extend p by linearity. 

Remark 4.2. Let a : A 2 — * M be a reduced 2-simplex. Denote by D a component of 
c _1 (int(P)), where P is a component of M \ T. Each component of ^(A 2 ) n D will 
be termed a vertex of £> and each component of a^ 1 (dP) n -D will be termed an ideal 
vertex of -D. Thus an ideal vertex of D is either a vertex or an edge or a proper arc of 
A 2 connecting two distinct edges. Let us denote by Voo(D) the set of ideal vertices of 
D and by V(D) the set of all vertices and ideal vertices of D. Note that if D ^ then 

2 < Caxd(V(D)) < 3. 

Remark 4.3. Suppose that a : A 2 — > A/ is a reduced 2-simplex. If er(e) is not contained 
in T for any edge e of A 2 then there exists a unique component, denoted by Core(cr), of 
A 2 \ cr _1 (T) which meets the three edges of A 2 (see [FS |). On the other hand, if e\ and 
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e2 denote two distinct edges of A 2 such that cr(ei) C T and a{e2) C T then cr(A 2 ) C T 
(this follows directly from the reduction hypothesis of a). 

If n = 3 let tr: A 3 = [«o, «i, V2, V3] — > M be a 3-simplex. Then cr is homotopic 
rel. V^A 3 ) = {vq,vi,V2,V3} to a reduced 3-simplex o\ such that either cti(A 3 ) C T 
or eri |int(A 3 ) is transverse to T, the 2-simplex a\ | A 2 is reduced for each face A 2 of A 3 
and if D is a component of erf 1 (T) such that Z) n int(A 3 ) ^ then Z? is either a normal 
triangle or a normal rectangle (see figure 1). 

Then we set p(a) = o\ and we extend p by linearity. For n = 0, 1, 2, 3 we denote 
by C™ d (M) the image of C„(M) under p. Notice that the reduction is stable under the 
9-operator. 

Remark A A. Let a denote a reduced 3-simplex and let V be a component of cr _1 (int(P)), 
where P is a component of M \ T. Each component of V (A 3 ) D V will be termed a vertex 
of V and each component of a~ 1 (dP) R V which is a normal triangle or a vertex of A 3 
will be termed an ideal vertex of V. Denote by V^o(V) the ideal vertices of V and by 
V(V) all the vertices and ideal vertices of V. The set a~~ 1 (dP) D V consists of either 

(i) exactly one 2-face A| of A 3 and at most one ideal vertex of V 3 , or 

(ii) exactly two edges of A 3 with no common vertices, or 

(iii) exactly one edge and at most one normal rectangle or at most two ideal vertices, or 

(iv) no faces and no edges components and at most four ideal vertices or two rectangles 
or one rectangle and at most two ideal vertices. 




Vi 

Figure 1 : Normal triangles and rectangles 



4.2. Horizontal area. Suppose now that M is endowed with a torus splitting T. Let 
P be a product component of M \ T identified with a product F x S 1 , where F is an 
orientable surface whose interior W admits a hyperbolic structure. Denote by q: P — > F 
the projection to the first factor. 

Let c: A 2 — > M be a reduced 2-simplex and let D be a component of cr _1 (int(P)). 
Denote by od the map a\D : D — > int(P) and by qao : D — > H 2 a lifting of qao '■ D — > 
W into the universal covering of W. It follows from Remark l4~2l that D has 2 or 3 vertices 
(including ideal vertices). Denote by V(D) = {wq, w\, W2} the set of vertices of D (may 
be Wi — Wj for some i ^ j) in such a way that if D = Core(cr) then each Wi corresponds 
to Vi (see figure 2). 
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v 2 v 2 v 2 




Figure 2 



For each i = 0, 1, 2, the vertex has a corresponding image in H = H 2 U <9ooH 2 
defined as follows: 

If Wi ^ Voc{D) then w°° — qaD(wi). If Wi G Voo(D) denote by Wj a vertex of D 
distinct from Wi. Choose a point Xi in Wi and xj in Wj and consider the open geodesic 
segment (xi 7 xj) in A 2 . Then there exists e > and a horodisk d in H 2 such that 
qaD((xi, Xi + e(xj — Xi)]) G C\ and in this case w°° denotes the center of Ci (which is 
defined as the contact point of d with <9ocH 2 , see figure 3). Note that u>°° does not depend 
on the choice of the points Xi and xj and does not depend on the choice of wj ^ Wi since 
in any case it follows from our construction and from the reduction hypothesis on a that 



lim qaD(txi + (1 — t)xj) = ra- 



for any Xi £ Wi, Xj G Wj and Wj ^ Wi. On the other hand, since a is reduced, if Wi ^ Wj 
where Wi or Wj is an ideal vertex then w°° ^ Wj°. The set {w^ 3 , , w^} will be termed 
the er-image of the (ideal) vertices of D. 
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q°D 




Figure 3 



Let {u>(f\ w^°, denote three points (note necessarily pairwise distinct) of 

2 2 

H . Then we denote by [u>q°, w^°, w%°] the straight 2-simplex of H spanned by 
{u>§°, w^°, w%°} and oriented by the order of its vertices. Then we associate to each 
component D of er _1 (int(.P)) an algebraic area denoted by Ah(D) defined by ± the hy- 
perbolic area of [tu§°, , w™] depending on whether the orientation of w^°, w%°] 
matches the orientation of H 2 or not. Notice that the area Au{D) does not depend on the 
chosen lifting qah : D — ► H 2 of quo ■ D —> W into the universal covering H 2 of W. 

Let us define a 2-cochain in M in the following way. Let a: A 2 — > M denote a singular 
2-simplex. If pcr(A 2 ) cM\ int(P) then we set 

(Op, a) =0 

and if pcr(A 2 ) n int(P) ^ then we set 

(Op, <7}= Yl ^h(D) 

Dep(<r)-Mint(P)) 
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4.3. Proof of Proposition 14.11 We first check that fip is a cocycle. Let a: A 3 — > M be 
a 3-simplex. Then we have by definition of ftp 

3 

(6Sl P ,a) = (,50p,p( ( 7))=^(-l) i (Op ) p(c7)|A2) 

z=0 

where A| denotes the i-th face [vo , Vi , V3] of A 3 . To check the cocyle condition one 
can always assume that pa(A 3 ) D int(P) ^ 0. Thus by the definition of Op we have 

<<mp,a>=£(-iy £ An(D) 

i=0 De(/><r|AJ)- 1 (int(P)) 

Notice that for each component D of (p<r|Af ) _1 (int(P)) there exists a component V of 
p(a)~ 1 (mt(P)) whose D is a 2-face. Thus to check the cocyle condition it is sufficient to 
prove that for any component V of p(a)~ x (int(P)) then 

3 

£(-i)U H (W = 

4=0 

where diV = V Pi Af for i = 0, 3, with the obvious convention An(diV) = if 
a(d t V) C DP. 

I Assume that V D (pa)~ 1 (dP) contains a 2-face A 2 of A 3 . Then in this case each 
<9jV, for j ^ i, has only 2 vertices and thus -4h(c^V) = for i = 0, 3. 

2. Assume that V PI (pa) (dP) contains no face of A 3 and two edges, say e\ and e2 
of A 3 . Since by Remark l4~3l we have ei n e.2 = then as in Case 1 each diSI has only 2 
vertices. 

3.1 Assume that (pa)^ 1 (dP) PI V contain no face, one edge, say [u,, with i < j of 
A 3 and a normal rectangle R. Then again in this case each di V has only 2 vertices. 

3.2. Assume that (pa)^ 1 (dP) PI V contain no face, one edge [wj, t>j] of A 3 and at most 
two ideal vertices corresponding to v k and vi . 

lfi<j<k<l then Au(d^V) = when v — k.l since in this case <9„V has 
only 2 vertices. Denote by Wk, wi}, resp. {u>j, Wfc, wi}, the vertices of 9j V, resp. of 
<9iV. Choose a base point x in the open edge (wk,wi) and a corresponding base point a; 
in H 2 over qpa(x). Denote by {w°°, U7 }, resp. {u^°, u>f°}, the cr-images 
of {wi, Wk, wi}, resp. {wj, Wk, wi} coiTesponding to the lifting qpa^ d . v of qpa\Q.^, 
resp. qpa^ d . v of qpa^^, such that qpa\ d .^(x) — qpa\ g . v (x) — x. Notice that since 
pa([vi,Vj}) C dP then = w°°. Thus in this case, since j = i + 1, we have the 
equality 

(-l)M H (a i V) + (-l) i i H (9 i V) = 
If i < k < j < I then ^Ih^V) = when = fc, I. Denote by {wi, Wk, wi}, 
resp. {wk, wj, wi}, the vertices of dj V, resp. of <9jV. Denote by {w°°, , wf°}, resp. 
{wjf, w°°, the a-images of {wi, w k , wi], resp. {u^-u;.,-, w{\. Since /5cr([wi, Uj]) C 
<9P then w°° = u>°°. Thus in this case we have the equality 

(-I)Mh(^V) + (-1)^ H (9,V) = 

since j = i + 2 and [u>?°, wf ] and w°° , are the same geodesic simplices 
with opposite orientations. The other possibilities for i, j, k, I follow in the same way. 

Assume now that (pa) ~~ 1 (dP) Pi V consists only of vertices, normal triangles or normal 
rectangles of A 3 . Note that it follows from the construction that the only possibilities are 

Card(V(V)) = 0,2,4. 
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4.1. Assume Card(V(V)) = 4 and denote by wq, w±, W2,W3 the vertices of V corre- 
sponding to vo,vi,V2, «3 and denote by u>g° > w i° > w 2° > w 3° me i r cr-images. Then 

i=0 

is the boundary of a geodesic 3-simplex in H 2 . Using the same argument as in MBGI we 
know that there are two distinct configurations for a geodesic 3-simplex in H 2 and in any 
case we have 

3 

^(-l)VMdiV) = o 

j=0 

4.2. Assume Card(U(V)) = 2. Denote by Wi and Wj the vertices of V. Then we have 
the two following possibilities: 

4.2.1. Suppose first that <9V contains a normal rectangle R. We denote by Vi, Vj the 
vertices of A 3 corresponding to the vertices Wi and Wj of V. First notice that d L V and 
<9jV contain only two vertices: Wj, resp. Wi, and the vertex corresponding to R n dtV, 
resp. RDdjV. Then 

A n (diV) = AnifyV) = 

On the other hand dk V and 9/ V have three vertices: the vertices u>^ and wj and one ideal 
vertex (denoted by wi, resp. Wk) "corresponding" to R. Since wi and w^, correspond to 
edges of the same rectangle then = u>j°° (for some lifting with the same base point). 
Then we get again as in 3.2 

(-I)Mh(^V) + (-I)Uh(^V) = 
4.2.2 Suppose that 9V contains no normal rectangle R then 

either V(V) consists of one normal triangle and one vertex of A 3 . Then .Ah (<3jV) = 
for any i, since di V contains only two vertices. 

either V(V) consists of two parallel normal triangles. Then again -4h(c^V) = for 
any i, since <9;V contains only two vertices. 

4.3. Assume Card(V(V)) = 0. Then necessarily, dV contains two parallel rectangles 
and Au(diS7) = for any i since diV contains only two vertices. This completes the 
proof that Sip is a cocyle. 

Next point (i) of the proposition follows directly from the construction of Hp. On the 
other hand given a € Hi(P, dP\ R) and z a a relative 2-cycle representing of a, we get 
the following equalities 

([Q P ],Qp(a)) = (n P ,z a + u a ) = (i*{n P ),z a ) = {[i*(Q P )], [z a ]) 

where u a is a ^i-chain in dP such that du a = —dz a . In particular, if z a represents the 
fundamental class of F then we get 

([Qp},e P (a)) =Area(F) 

Indeed we can choose as a representant z a the formal sum of a triangulation of F and then 
apply Hp. On the other hand, if T denotes any connected horizontal surface in P then 

since J 7 is a finite covering of F we get ^[flp], Op([J-])^ = Arca(^ r ). This proves point 
(ii). 

It remains to checkpoint (iii). The fact that k*(Qp ) = for any i ^ j follows from 
the construction of ilp j . We first check that || Yliei lloo < tt- F° r eac h i E I we can 
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identify P, with the product Fi x S 1 . Let a: A 2 — * M be a singular 2-simplex. If there 
exists an edge e of A 2 such that pu(e) C 7" then Q^igj ^-P, i 17 ) = 0- If f° r anv edge 
e of A 2 we have pcr(e) <£_ T then we know from Remark 1431 that there exists a unique 
component Core(cr) of (pa)~ 1 (M \ T) which meets the three edges of A 2 . Denote by 
P v the component of M \ T such that per ( Core (er)) C int(P„). If D is a component of 
(pcr) _1 (int(Pi)) for some i E I distinct from Core(cx) then we get the equality 

Ah(D) = 

Indeed in this case D has 2 (ideal) vertices. On the other hand, if P„ = P; for some i$ G I 
then we know that 

\A H (D)\ <tt 

by the definition of .Ah (D) since the areas of geodesic triangles in H 2 are bounded by it. 
This proves that || J^iei ^-FV lloo — 7r - 

Denote by £1 the sum J2 ieI &,Pi and let z 6 I be a fixed index. Since Op is a contrac- 
tion, then using point (ii) we get the following equalities 



ne Pi ([m) =Area(P i )<n[0]n 0O 6 Pi ([p]) i < nt^iu n^nu 

Since ||[P;]||i < ||Pj|| this completes the proof of the proposition since Area(Pj) = 7r||Pj 
by H Section 0.4] and iPThl . 



5. A Filling isometry for relative classes 



This section is devoted to the proof of Theorem 12. 3 1 and of Proposition ^. 41 We begin 
with a special case. 



Lemma 5.1. Theorem \2.3\ is true when each Seifert piece of (M, T) is homeomorphic to 
a product F x S 1 . 

Proof. We first check point (i). Let P be a Seifert piece of M\T. Then P is homeomorphic 
to a product F x S 1 where F is a hyperbolic orientable surface. By Proposition 14. 1 1 we 
deduce, using the Holder inequality that || 9p([P]) ||i > ||P|| > || [F] ||i and thus finally we 
get from above ||§p([P])||i = ||[P]||i = ||P||. Let a G H 2 (P,dP;R). Then by Lemma 
12.21 there exists (£R such that a = £ap. Then using Proposition ^. 1 1 we get 



[fip],ep(a)) = |C|Area(F) <7r||e P (a)||i 

Hence ||9p(a)||i > |£|||P| > ||a||i and thus <dp is an isometry. If a is the class of 
horizontal surface T then F is finitely covered by T and thus £ is necessarily and inte- 
ger satisfying ||P|| = |£|||P|| (actually £ is the degree of the map induced by the Seifert 
projection T — > P). This proves point (i). 

We check point (ii). Let P\ , . . . , p denote the Seifert pieces of M\T. For each Pj denote 
by Fi a minimal surface. Let {a.\, ...ai) be a ^-uple of P2(Pi, dPi) x ... x P 2 (P, 9P{) and 
denote by £i, the real numbers such that for each i = 1, I we have = &a!.p 4 , 
where ap i denotes the class of Fi in Hj{Pi, dPt). By Proposition ^. 1 I there exists for each 
i G {1, ...,/} a bounded 2-cocycle fij in M such that 



[f^e^cO = %|^|Area(Pi) 
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for any i,j in {1, I}. Thus we get 



Ei^E®^) ) - E \&\ A MFi) < * 



E § ^("i) 



thus we get 



> 



EI6 



IF,; II > 



E 



ii^^iii 



E 



Since the opposite inequality is also true this proves the lemma. 

We now establish the following result which is a special case of Proposition ^. 41 



□ 



Lemma 5.2. Let (M, T) be a closed aspherical framed 3-manifold endowed with a torus 
splitting and let p: M — » M denote a finite regular covering such that each Seifert com- 
ponent of M \T is homeomorphic to a product, where T = p (7~). Then the covering 
p induces an isometry p$\H l 2 u+ (M^ ; R) : H 2 U+ '{M? '; R) -> H l 2 x (M; R) where M is 
endowed with the framing induces by that of M. 

Proof. Denote by T the automorphism group of p: M — » M and by {Pi, ...,Pi} the 
Seifert pieces of (M, T). For each i = 1, I we know that Pj is homeomorphic to a 
product Fi x S 1 . Let 5 be an element of H 2 ' + (AI T ; R) and denote by Av(a) the class 
obtained by averaging a defined by 

Av(oO=Esi( s ) er - g a 1 (M;R) 

By definition we have 5 = X^iei £«©p ( a p ) where / is a subset of {1, 1} and & 6 R+ 
and thus since each j £ T preserves the torus splitting by the naturality property of Lemma 
I2.1l we get 

Av(S)= ]T & § ,(p 4 ) 

Moreover notice that 



a P 



e_, B 



< 



F 



For each i = 1, Z denote by i7p the bounded 2-cocycle of M constructed in Propo- 
sition [4J] and denote by O the sum Yj%=i ^ p ■ Since each g € T acts one M as an 
orientation preserving diffeomorphism which preserves the orientation of the fibers (by the 
framing hypothesis) and the torus decomposition T of M then we get 



<[fi],Av(3)) = Card(r)V ^Area(P) < tt||Av(5)| 



iei 



This proves that 



||Av(5) 



Card(r)^&|p 



Recall that since Av(5) £ rP^(M;R) then by Lemma | \p$ ( Av (5) ) 1 1 ] = ||Av(5)||i. 
On the other hand we have 



lb J (Av(a))|| 1 <EllWn( a )lli 



<E W 5 )Hi <Card(r)^^ 
ser iei 



P 
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We deduce that J2 g er \\P$9t( a )\\i = S g er Il5t)( a )lli- O n the other hand, since we know 
that IbiSjiCS) || j < ||5rj)(5)||j for any g £ T then we get in particular ||p|j(5)|li = Plli- 

□ 



Proof of Theorem \2.3\ Let p: M — > M be a finite regular covering of M endowed with 
a torus splitting defined by T = p _1 (T) and such that each component of M \ T is a 
product (such a covering exists by ILWI Proposition 4.4]). For each Seifert piece P of 
M \ T denote by P a component over P in M. Let a £ Hi(P, dP; R). Then there 
exists a £ H2(P,dP;R) such that pj(5) = a. Hence we have, using Lemmas 15.11 
andEU ||e P (a)||i = He^^ (5)) |] x = ||p S ep(5)||a = ll%(5)Jk_= Plli >JM|i. 
Indeed replacing a by —a we may assume that Op(<5) 6 H 2 ' + (M r ). Since Op is a 



contraction by Lemma 12. II this proves the isometry. To complete the proof of point (i) it 
is sufficient to check that if a is the class of a connected horizontal surface T in P then 
||0p(a)||i = ||.F||. Denote by T a component over T in P C M and denote by n the 
degree of the induced covering map T — » J 7 . Let 5 £ H^iP ', dP) be the integral class 
corresponding to JT. Then we know from Lemma l5. ll that ||0p(S)||i = ||JF|| = ||5||i. On 
the other hand we know that p|j (Op (5)) = n9p(a). Then we get using Lemma 



T 




§p(S) 


i 


Ptt(@p(«)) 


i = H 


9p(a) 



<HIH|i 



Since ||a||i < \T\ and ||^|| = n||^|| then we get ||Gp(a)||i = ||a||i = \T\. This 
completes the proof of point (i). 

We check the additivity property of the ^i-norm. For each Pi denote by Fi a minimal 
surface and for each i = 1 , . . . , I choose an element on £ H 2 {Pi , dPi ; R) and we denote by 
a the ^i-class given by Y2i=i ®P< Denote by £i, the non-negative real numbers 
such that for each i = 1, I we have on = ^ap;, where ap i denotes the class of Fi in 
H2(Pi, dPi). For each i there exists an element on in H 2 (Pi, dPi) R) such that pj((5j) = 



,i e p(ai) 



on. Denote by a the element 

Since we may also assume that Op (Si) £ H 2 
from Lemma l5T2l combined with Lemma IBTTI that 



£ H l 2 u+ (M' 2 ;R) such that pj(5) = a. 



(Af ) for each i = 1, I it follows 



|a = ]T 11^(2011! - X! 11^^(^)111 = E 



This completes the proof of Theorem l2.3 



□ 



Proof of Proposition ^. 4\ Letp: M — > M denote a finite covering and let q : M — > M 
be a finite covering endowed with a torus splitting defined by T = (T) such that each 
Seifert piece of (M, T) is homeomorphic to a product and such that r = po q is regular. Let 
{Pi, Pi} denote a collection of Seifert pieces of [M, T) and for each i denote by on an 
element of H 2 (Pi, dP%\ R). Let 5 denote the ^i-class equal to Y^\=i ®p Then using 

the above construction we know that there exists a £ H l 2 ' + (N T ] R) such that <?tt(a) = a 
and ||S||i = ||rj(S)||a by Lemma [O Thus we get ||pjja||i = ||p|jg|)S||i = ||rjS||i = 
||S||i > ||5||i. Since any continuous map induces a contraction between l\ -homology 
groups we deduce that ||pj5||i = ||5||i which completes the proof of the proposition. □ 



17 



6. Characterizations of finite covering maps 

We begin this section with some recall on the Jaco Shalen Johannson torus decom- 
position of 3-manifolds which will be used throughout the proof of Theorem 11.11 and 
Corollary 1 1.21 Given a closed irreducible orientable 3-manifold N we denote by TJv the 
Jaco-Shalen- Johannson family of canonical tori of N and by Ti(N) (resp. S(N)) the dis- 
joint union of the hyperbolic (resp. Seifert) components of N \ T/v x (— 1, 1) so that 
N\T N x (-1, 1) = H(N)US(N), where T N x [-1, 1] is identified with a regular neigh- 
borhood of TJv in such a way that TJv — Tn x {0} (see |JS|, Q and BThll ). On the other 
hand, we denote by S(iV) = (£(iV), 0) the characteristic Seifert pair ofN in the sense of 
llJSll and [J |. We start by recalling a main consequence of the Characteristic Pair Theorem 
of W Jaco and P. Shalen (see [ JS , Chapter V]) which allows to control a nondegenerate 
map from a Seifert fibered space into an irreducible 3-manifold. We first give the definition 
of degenerate maps in the sense of W. Jaco and P. Shalen. 

Definition 6.1. Let (S, F) be a connected Seifert pair, and let (N, T) be a connected 3- 
manifold pair. A map / : (S, F) — > (N, T) is said to be degenerate if either 

(0) the map / is inessential as a map of pairs (i.e. / is homotopic, as a map of pairs, to 
a map g such that g(S) C T), or 

(1) the group Im(/* : iriS -> niN) = {1}, or 

(2) the group Im(f* : iriS — > 7Ti7V) is cyclic and F = 0, or 

(3) the map /|7 is homotopic in N to a constant map for some fiber 7 of (S, F). 

Then the Characteristic Pair Theorem of Jaco and Shalen implies the following result. 

Theorem 6.2. [Jaco, Shalen] If f is a nondegenerate map of a Seifert pair (S, 0) into a 
closed irreducible orientable 3-manifold (N, 0), then there exists a map f\ of S into N, 
homotopic to f, such that fi(S) C int(E(7V)). 

In order to prove Theorem ll.il we first check the following technical result. 

Proposition 6.3. Let M be a closed aspherical oriented 3-manifold. Any wi-surjective 
nonzero degree map / : M — > N into a closed irreducible orientable 3-manifold satisfying 
the following conditions 

( i) Each Seifert component of M \ Tm, resp. of N\ 7/v, is homeomorphic to a product, 
resp. to a S 1 -bundle over an orientable surface, each Seifert component of M \ Tm has at 
least two boundary components (ifTu 7^ 0) and each component ofT]\j is shared by two 
distinct components of M \ Tm, 

(ii) |]/jt[-M] ||i = || [M] ||i, where [M] £ H^(M;IV) is the fundamental class 

(Hi) ||/j®p(qj)||i = ||©pc*||i far each a £ H2(P, dP) when P runs over the Seifert 
components of M \ Tm 

is homotopic to a homeomorphism. 

6.1. Proof of Proposition 16.31 Throughout this section we always assume that the map 
/ : M — > JV and the manifolds M, N satisfy the hypothesis of Proposition ^. 31 Notice that 
we may assume in addition that M is not a virtual torus bundle by ITWI . Thus since each 
Seifert piece P of M is homeomorphic to a product we may assume that P is a H 2 x R- 
manifold. Hence this implies, using hypothesis (ii) and (iii), that either ||7Y|| 7^ or 
H l 2 (N; R) ^ {0}. Hence either N has a non-empty JSJ-splitting or TV admits a geometry 
H 3 , H 2 x R or SL(2, R). The proof of Proposition 16.31 will come from the following 
sequence of claims. 
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Claim 6.4. Let P be an incompressible H 2 x H-submanifold of M and let c be a simple 
closed curve in some component T of dP. If there exists a horizontal surface in P whose 
c is a boundary component then /*([c]) ^ 1 in ttiN. Moreover, /*(7TiP) is a non-abelian 
group. 

Proof. Denote by F a horizontal surface in P whose c is a boundary component. Since 
P is a H 2 x R-manifold then F is necessarily a hyperbolic surface. In particular F has 
a positive simplicial volume. Suppose that /*([c]) = 1. Denote by T x [—1, 1] a regular 
neighborhood of T such that T = T x {0} and parametrize T — S 1 x S 1 such that 
c = S 1 x {*}. As in [Ro |, consider the relation ~ on M defined by z ~ z' iff z — z' or 
z = (x, y, t) G T x I, z' = (x\ y', t') ET X I and y = y', t = t'. Denote by X = M/ ~ 
the quotient space and by it : M — » X the quotient map. Then the map / factors throught 
X. Denote by g : X ^ N the map such that / = gow. Denote by P the image of P under 
7T. Topologically P is obtained from P after Dehn filling along T, identifying the meridian 
of a solid torus V to c so that the Seifert fibration of P extends to a Seifert fibration of P 
and the image F of F is a surface in P obtained from F after gluing a 2-disk along each 
component of dF parallel to c. Denote by C the union of the components of dF parallel to 
c. Note that it follows from our construction that 

n(e P ([F])) = Q p ([F]) e H l ^(P;R) 

Indeed denote by Zf a relative cycle in F representing the fundamental class of F and 
denote by uf a Zi-chain in dF such that dup = —dzp. Then have the following equalities: 

7rj(0p([F])) = ^([zp + up]) = [-K^(zp)+n^{up)\ G H^P). Next consider the induces 
homomorphism 

ttj : H 2 (F, dF) -> P 2 (P/C, 9P/C) = P 2 (P, dP]JX ) 

where Xq = tt(C) = C/C. It follows easily from the Excision Theorem that tt$ is actually 
an isomorphism so that 7rj (zf) represents a generator of H2(F, dF ]J Xq), On the other 
hand, there exists a 2-chain uo in Xq such that ir^(zp) + uo is a relative cycle in (P, <9P). 
Note that [tz^{z f ) + u ] = [ir^zp)] in H 2 {F, dF ]J X a ). Since the inclusion (F,dF) ^> 
(F, dF I] X ) induces an isomorphism H 2 (F, dF) -> H 2 (F, dF \J X ) then ir t (z F ) + 
uq represents a generator of H 2 (F, dF). Denote by up a Zi-chain in dF such that du,F = 
—d(Tr$(zp) + uq). Then since each component of n(dP) has an amenable fundamental 
group then [tt$(z f ) + Tr$(u F )} = [tt$(zf) + u + u F ] in H^ 1 (P; R). 

Since tt^(zf) + uq represents a generator of H 2 (F,dF) then it follows that 
tt s {Qp([F})) = 6p([P]) e ff^(P;R). Finally we deduce the following equalities: 

\\e P ([F})\h > htep([F])\\i = \\®?m)h > ll/tt©p(^])lli - \\®p([F})\\i 
Thus we get the following equalities: 

ll^ll>l|e P ([-F])l|i = l|ep([p])|| 1 = ||p|| 

A contradiction. This proves the first statement of the lemma. 

It remains to check that f*(niP) is a non-abelian group. Assume that /*(7TiP) is 
an abelian subgroup of ttiA^. Then necessarily /*(7TiP) is isomorphic to a free abelian 
group of rank < 3. Denote by X a K(f*(iriP), l)-space (X is homeomorphic to either 
D 3 , S 1 x D 2 , S 1 x S 1 x / or S 1 x S 1 x S 1 ). Then the map f\P: P N factors through 
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X so that we have the following commutative diagram 

H 2 (P, dP) H l J (P) H2 1 (M) — ^ H^ 1 (N) 




R H l J(X) 

Since H l 2 x (X) is trivial (because X has an amenable fundamental group) then we get a 
contradiction with hypothesis (iii) of Proposition ^. 31 □ 

Claim 6.5. Let P — F x S 1 be a 3-manifold such that F is an orientable hyperbolic 
surface with non connected boundary. Then for any simple closed curve c of dP that is 
not homotopic to the fiber of P, there exists a horizontal surface (H, dH) in {P, dP) such 
that c is parallel to a component of dH. 

Proof. Denote by T\ the component of dP which contains c and by T2, ...,T r the other 
components of dP with r > 2. For each i = 1, r fix a basis (sj, h), where Sj is a section 
of Ti with respect to the S 1 -fibration of P such that si + ... + s r is nul-homologous in P 
and where h denotes the fiber of P. Denote by (a, j3) the coprime integers with a ^ 
such that c = a[s{\ + j3[h]. Then 



[c] + a[s 2 ] + ... + a[s r ] - 0[h] = in #i(P; Z) 
Thus there exists a nontrivial class 77 in H^iP, dP; Z) such that 

drj = ((a,f3),(a,0),...,(a,0),(a,-/3)) 

in Hi{dP) = Hi{Tx) ® Hi{T 2 ) ® ... ® ffi(T r _i) © ffi(T r ). Denote by # an incom- 
pressible surface representing 77. Then H is necessarily a horizontal surface and thus c is 
parallel to some components of dH. This proves the claim. □ 

Claim 6.6. The map f\T: T —> N is ■K\-injective for any characteristic torus T in M. 

Proof. Let T be a characteristic torus of M. From the Rigidity Theorem of Soma flSol and 
from hypothesis (i) it is sufficient to consider the case where T is shared by two distinct 
Seifert components Ei and S2 of M \ Tm- For each £ = 1,2, denote by hi the S 1 -fiber 
of Combining Claims loT4l and lo31 we deduce that if f\T: T — > N is not 7Ti-injective 
then f*(hi) = {!}. Since hi and h 2 generate a rank 2 subgroup of ttiT (by minimality of 
the JSJ-decomposition) we get a contradiction. This proves the claim. 

□ 

Claim 6.7. There is a map g homotopic to f such that for each Seifert piece ofT, of N 
then each component ofg^ 1 (£) is a Seifert piece of M. 

Proof. By Lemma l6~6l one can apply the Theorem l6.2l combined with [So Rigidity Theo- 
rem] which imply that one can arrange / by a homotopy so that for each canonical torus 
U of N then is a disjoint union of canonical tori of M. Hence for each Seifert 

piece E of N the space / _1 (E) is a canonical graph submanifold of M (i.e. a submanifold 
which is the union of some Seifert pieces of M). 

If a component G of / _1 (E) is not a Seifert manifold then there exists a canonical torus 
T in the interior of G which is shared by two distinct Seifert pieces Ei and E2 of G. Since 
by Claim [6741 /»(7TiEi) is not abelian then using [ JS , Addendum to Theorem VI.I.6] we 
know that /|Ei is homotopic to a fiber preserving map. Since f\T is 7ri-injective we get a 
contradiction by the minimality of the JSJ-decomposiiton. This proves the claim. □ 
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By hypothesis (ii) one can apply BSol Rigidity Theorem]. Thus one may assume that / 
induces a deg(/)-covering map from TL(M) to H(N). Moreover since / is 7Ti-surjective 
then to complete the proof of Proposition ^. 3l it remains to check the following 

Claim 6.8. There is a map g homotopic to f, rel. to 7i(M), such that for each Seifert 
piece £ of N and for each component G q/.g _1 (S) then g\G: G — > S is a covering map. 

Proof. First of all note that for each component G of then f\G : G — > £ is non- 

degenerate and fiber preserving. 

Indeed if dG is non-empty this comes from Claim 16.61 If dG = then M = G and 
N = £ so that /: M — ► N is a nonzero degree map between S 1 -bundles over orientable 
hyperbolic surfaces. Since deg(/) ^ then /*(/&) 7^ 1, where h denotes the fiber of M 
and by Claim IB~4l /» (711M) is a non-abelian group. 

On the other hand, notice that E is necessarily homeomorphic to a product. 

Indeed if <9£ 7^ this is obvious and if <9£ = this comes from the following argument: 
if S is not homeomorphic to a product then the bundle has a non-zero Euler number and 
using the Seifert volume in MBr-Gll Theorem 3 and Lemma 3] and in HBr-G2l Theorem 4] 
we get a contradiction (since G has a zero Euler number and deg(/) 7^ 0). 

On the other hand notice that for each component G of / _1 (£) then deg(/|G: G — > 
S) 7^ 0. Indeed, suppose that deg(/|G: G — > S) = 0. Since by construction /|G is an 
allowable map (in the sense of |Ro|) then it induces a zero degree map it: K F where 
K, resp. F, is a hyperbolic surface such that G = K x S 1 , resp. E = f x S 1 . Let J 7 
denote a component of (f\G)~ 1 (F). Arrange / so that T is incompressible in G. Since 
/ is non-degenerate and fiber preserving then T is necessarily a horizontal surface. Since 
f\T: T — » F factors throught 7r then dcg(/|F: — » F) = 0. Thus using the naturality 
property we get the equality 

/j(e G [F]) = e s /j[F] = 

This gives a contradiction with hypothesis (iii) of Proposition 16 . 3 1 since 

Hence since deg(/|G: G — > S) 7^ then / induces a nonzero degree map f\T: T — » F 
so that we get 

/j(8 G [F]) = e s /j[F] = deg(/|F: F ^ F)8 E [F] 
which implies that 

||F|| = |deg(/|F: F^F)| x ||F|| 

Thus we get the equality 

||lif|| = deg(Tr) x ||F|| 

Hence 7r is homotopic to a covering map which implies that f\G is also homotopic to a 
covering map. This proves the claim and completes the proof of the Proposition ^. 31 □ 

6.2. Proof of Theorem llTfl First of all note that according to llWl . llSol and the hypothesis 
of the theorem, we may assume that either Tm 7^ or M is a H 2 x R-manifold. Thus we 
have H 2 1 (M; R) 7^ 0. Then either N has a non-empty JSJ-decomposition or N admits 
one of the following geometry: H 2 x R or SL(2, R). 
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Denote by Pi , .. ., Pk the Seifert pieces of M. Then [M } Tm — Qp 1 ap x + . . . + Qp k ap k . 
Then using the additivity property of the Zi-norm and the isometry hypothesis we have 



1=1 



> 



i=i 



i=l 



and since, by the additivity property of Theorem l2.3l 



Opjttp, = p t a.p i 

i—l i z=l 

hence we get 

k k 

i=l 1 i=l 

and thus \\f$Op i ap i \\i = \\Qp i (Xp i ||i for any i—l, fc which implies, using Lemma 
221 that ||/jj0pa||i = ||0pa||i for each a <E H 2 {P,dP) and P in S(M). Consider now 
the following commutative diagram 



Mo 



Mi 



M ■ 



No 



■JVi 



iV 



obtained as follows. The map s : Mi — > M is a finite covering such that each Seifert 
piece of M\ is a product with at least two boundary components, if 7m ^ 0, and each 
canonical torus of Mi is shared by two distinct components of Mi \ (for the existence 
of such a covering see BDWI Lemmas 3.2 and 3.5]), the map r: N\ — ► TV is a finite 
covering corresponding to the subgroup /*s*(7TiMi) in tviN, which is of finite index since 
deg(/) 7^ 0, the map fx : M\ — » TVi is a lifting of / o s which exists by our construction, 
the map p : N 2 — » Ni is a finite covering such that each Seifert piece of N 2 is a S 1 -bundle 
over an orientable surface and f 2 ■ M 2 — > is the finite covering of /i corresponding 
to p, and g: M 2 — + Mi is the covering corresponding to the subgroup (fi)^ 1 {p*TTiN 2 ). 
Notice that it follows from the construction that fi and f 2 are 7Ti-surjective. On the other 
and let a be an element of H 2 (P, dP), where P is a Seifert piece of M 2 . Then using the 
isometric properties of finite coverings of Proposition ^. -Al together with the commutativity 
of the diagram we get the following equalities (**) 



9p« 



W(/2)j0p« 



< 



(/ 2 )|0pa 



< 



/ - ( M ?M 2 



9p« 



and since the 



Indeed replacing a by —a we may assume that Qpa 6 H 2 

covering maps q and s preserve the torus decompositions then q^Qpa £ H 2 1,+ ( mJ m 



and s$q$Opa G Im(0Q) for some Seifert piece Q of M. Thus one can apply Proposition 
16.31 which implies that f 2 is homotopic to a homeomorphism. Since p, q, r, s are finite 
covering maps then this implies that / is 7Ti-injective. Consider the finite covering N — > N 
corresponding to /*(7TiM). Then / lifts to a map / : M — > N inducing an isomorphism 
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at the 7Ti-level. We deduce from this point using MWall and (Ol Section 5.3, Theorem 6] that 
/ is a homeomorphism. This implies that / is a covering map and completes the proof of 
Theorem ll.il 

6.3. Proof of Corollarv ll.2[ Using the duality we may assume that / induces an isometry 
/j : H l 2 (M; R) — > H^ 1 (A; R). Then according to Theorem ll.ll it is sufficient to consider 
the case where M is a SL(2, R)-manifold. Then in particular we have H^IM; R) ^ 
and thus H^ 1 (A; R) =/= 0. On the other hand, since / : M — ► N is a degree one map then 
A admits necessarily a geometry H 2 x R or SL(2, R). Since / is a degree one map, then 
it is 7Ti-surjective and thus it is homotopic to a fiber preserving map and /*([7]) ^ {1} in 
ttiN for any fiber 7 of M. If A is a H 2 x R-manifold, choose a horizontal surface H 
is A. Then one can arrange / by a homotopy so that is either a horizontal or a 

vertical surface if M. Since M is a SL(2, R) -manifold then there are no horizontal surface 
in M so that f _1 (H) consists necessarily of vertical surfaces. A contradiction since / is a 
non-degenerate fiber preserving. Thus A is also a SL(2, R)-manifold. 

Since A is a Haken manifold then there exists a non-empty torus splitting U of A. On 
the other hand note that one can arrange / by a homotopy so that T = is also a 

torus splitting of M. As in paragraph ^. 21 consider the commutative diagram 

(M 2 ,r 2 )^^(iv 2 ,w 2 ) 

q p 

(Mi,7i) — ^hs- (Nx,Ux) 

s r 

where s : M% — » M is a finite covering such that each component of Mi \ T\ is a product 
with at least two boundary components, T\ = s _1 (T), and each component of T\ is 
shared by two distinct components of M\ \ T\, the map r : Ni — > N is a finite covering 
corresponding to the subgroup /*s*(7Ti Mi) in ^iA^ and U\ — r _1 (iY), the map f\ : M\ —> 
Ni is a lifting of / o s, the map p : A 2 — > Ai is a finite covering with U2 = p^ 1 (Hi) such 
that each component of A 2 \ U2 is a product and / 2 : M 2 — > A 2 is the finite covering of 
fi corresponding to p with 7^ = q^ 1 (T\). Note that, using the same argument as in (**) 
paragraph s. 21 we obtain ||(/ 2 )ttBp(a:)||i = ||Opa||i for each a G _ff 2 (P, 9P) when P 
runs over the components of M 2 \ 7^. Hence, since using Claim l6~4l and 16 . 5 1 the map f^Th, 
is 7Ti-injective, one can apply the proof of Claim l6~8l which implies that for each component 
Q of A 2 \ U2 then /2|/ 2 _1 (Q) : / 2 ~ 1 (Q) ^ Q is a covering map. This completes the proof 
ofCorollaryO 
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